The angular momentum of a free-flying space robot is a conserved quantity. This conservation law acts as a nonholonomic constraint and manifests itself when cyclic motion of the joints of the space robot produces a change in the orientation of the whole system. Consequently closed trajectories in the joint space of the robot usually fail to produce closed trajectories in the workspace. In this paper we first show that there exist some closed paths that are "holonomic loops" in the sense that the nonholonomic space robot exhibits holonomic behavior globally on these trajectories. When the joints of the space robot move along these trajectories, the end-effector traces a closed curve in the workspace. In this paper, we present a simple method to plan such trajectories that produce repeatable motion of the space robot.
Introduction
A free-flying space robot is a nonholonomic mechanical system. The nonholonomy in its mechanical structure is due to the conservation of the t e tal angular momentum of the system. The motion planning and control of such systems have been studied extensively by a number of researchers. Some of the early work in this field was done by Alexander [12] , Nakamura and Mukherjee [SI, Miyazaki, et.al. [6] , Papadopoulous and Dubowsky [9] , Sreenath [llj, etc. A more complete list of references in this area can be obtained from the references within the above references. Some of the above mentioned researchers addressed the problem of reorientation of the space vehicle by using the joint motion of the robot. The motivation was to utilize the nonholonomic property of the space robotic system and achieve reorientation in the absence of external generalized forces.
With growing interest in the area of motion planning of multibody systems in space, the problem of reorientation of a space robot using internal motion has been revisited. Some of the recent work in the area of motion planning are due to Reyhanoglu [7] . In these works, the approach to the nonholonomic motion planning problem has been based on the theory of integration on manifolds where a closed path in the joint space of the robot was appropriately chosen to produce a desired change in the orientation of the space vehicle. It is possible to find these closed paths in the space of the independent variables that produce a change in the dependent variables because of the nonholonomic nature of the constraint.
The configuration variables of a holonomic system evolve in a way that when the independent variables move along closed trajectories, the dependent variables also move along closed trajectories. This prop erty of repeatability is ensured if the differential constraints of motion of a system are integrable, and naturally holonomic systems exhibit this property. However, it should be realized that systems with nonintegrable differential constraints may also exhibit this property for certain closed spatial trajectories of the independent variables. In other words, the integrability of the differential constraints is only a sufficient condition for repeatability, it is by no means a necessary condition. In the case of the space robot, closed paths in the joint space do not usually produce closed paths in the workspace because of the associated change in the orientation of the space vehicle. But it can be shown that there exist closed paths in the joint space such that the space vehicle does not undergo any net change in its orientation as the joints move along these closed paths. These closed paths are like "holonomic loops" on which the nonholonomic space robot system exhibit holonomic behavior globally. It is important to find such closed paths because a space robot may be required to perform a task repeatedly in its workspace without any drift in its configuration variables.
In section 2 of this paper we derive a necessary condition for the repeatability in the motion of free-flying planar space robots. A11 nonholonomic systems do not exhibit repeatability or pseudeholonomic behavior; we show this with an example in section 2. In section 3, we discuss a simple method for planning repeatable trajectories for space robots. Section 4 contains some of the results that we have obtained from simulations.
Necessary Condition for Repeatability
We consider a space robot with two links mounted on a space vehicle as shown in Fig.1 . The Cartesian coordinates of the end-effector XE, YE have a functional dependence of the form where xo and yo are the coordinates of the center of mass of the space vehicle, 00 is the orientation of the vehicle, and 81 and 82 are the joint variables. The motion of the center of mass of the space vehicle is governed by the holonomic constraint due to linear momentum conservation. For zero initial linear momentum, this can be reduced to the form Since we are looking into the repeatability problem of a planar space robot, we consider closed trajectories of the joint variables. If the orientation of the space vehicle trace a closed curve as the joints move along a closed trajectory, it is clear from Eqs.(l) and (2) that all the configuration variables including 50, yo, ZE, and YE will move along closed trajectories. This is not true in the general case.
When the joints move along closed trajectories, and the system maintains zero angular momentum, the change in the orientation of the space vehicle is expressed as a line integration along the closed path in the joint space. This line integral may be conviniently expressed as a surface integral using the generalized when the direction along the path is counterclockwise, otherwise a has the same orientation as dx2 A dx1. It can be shown that the change in the dependent variables for closed loop motion of the independent variables 0 and a are given by
Since the function F(B,a) is not equal to zero at any point in the space of 0 and a , the rolling disk does not satisfy the necessary condition for repeatability. Consequently, it does not admit repeatable motions.
Planning Repeatable Paths for Planar Space Robots
In this section we present a simple method to plan repeatable paths for the space robot, shown in Fig.1 . All paths that will ensure repeatability will have to satisy the necessary condition for repeatability, developed in the last section. Therefore, we first take a look at all points in the 01-82 space where the function F ( O 1 , 02) in Eq. (7) is identically zero. The set of all such points constitute a smooth curve, as seen in Fig.2 .
We assume our closed path to have an elliptical shape. This path, as seen in Fig.3 , can be parameterized as follows: We start with an initial elliptical path which is characterized by the parameters 010, 020, a, b, and 4. The initial choices of these parameters are quite arbitrary.
We only make sure that (1) the ellipse encompasses at least one point where the function F defined by Eq. (7) is equal to zero, and (2) the elliptical path lies in the workspace of the robot. Condition 1 can be easily satisfied by considering Fig.2 which provides the set of all points where the function F vanishes. Condition 2 can be taken care of by applying methods discussed in [9] . Our goal is now to change the five parameters of the ellipse so that the value of the surface integral given by Eq.(5) is equal to zero. Of the five different paraineters a and b are not allowed to change independent of one another. This is because we want to eliminate the trivial solution where the surface integral is zero because the area of the closed path is equal to zero. One simple way to avoid this situation is to impose the restriction that the area of the ellipse is a constant. This is equivalent to the constraint a d b + bda = 0 (12) We define a function V as follows and solve the unconstrained minimization problem by implicitly assuming that a and b are dependent. While there are many methods for unconstrained minimization, we choose the simplest method of steepest descent (141. Other alternative methods that can be used are the conjugate direction method by Fletcher and Reeves [3] , and the variable metric method [14] that offer improvement over the method of steepest descent. In our case the method of steepest descent works well and therefore we adopted it only for its simplicity.
The (ac/a+), and (aC/aa) are computed by numerical partial differentiation. While computing the term (a</aa) it has to be remembered that a change in a is accompanied by a change in b given by the constraint in Eq. (12) . The optimization technique discussed above provides us with a systematic way to reach the local minimum value of the function V . If this minimum value is zero, then we have converged upon the desired path around which the space robot will exhibit holonomic behavior. In the general case, the method of steepest descent does not guarantee the convergence of a function to its global minimum value. However, in our case the method always converged to the global minimum value of V = 0, because of the particular nature of the function F in Eq.(7).
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Conclusion
One of the objectives of this paper was to show that integrability is merely a sufficient condition for repeatability; it is by no means a necessary condition. We elucidated our point through the example of a planar space robot. Though a space robot does not admit Figure 6 . Repeatable end-effector motion for path 11.
